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In this work we perform polarization spectroscopy of erbium atoms in a hollow cathode lamp
(HCL) for the stabilization of a diode laser to the 401-nm transition. We review the theory behind
Doppler-free polarization spectroscopy, theoretically model the expected erbium polarization spec-
tra, and compare the numerically calculated spectra to our experimental data. We further analyze
the dependence of the measured spectra on the HCL current and the peak intensities of our pump
and probe lasers to determine conditions for optimal laser stabilization.
As research on laser-cooled gases has matured, the va-
riety of atomic and molecular species under investigation
has continued to expand, opening up new directions in
quantum simulation research [1, 2], precision measure-
ments of fundamental quantities [3], and quantum infor-
mation studies [4]. In the context of quantum simulation,
there has been much interest over the past decade in the
laser cooling of atomic species with large magnetic dipole
moments, which can play host to nontrivial long-ranged
dipolar interactions [2]. Interest and activity in this area
have been fueled by tremendous advances in the laser
cooling and trapping of chromium [5] and erbium [6–8],
as well as by the production of dipolar atomic quantum
gases of chromium [9, 10], dysprosium [11, 12], and er-
bium [13, 14].
Beginning from the first theoretical study of erbium
as a candidate for cooling and trapping [6], experimental
studies on frequency stabilization using atomic transition
lines in erbium have been performed. The techniques of
frequency modulation spectroscopy [15], where multiple
frequency components of a probe beam interfere and pro-
duce a demodulated error signal, and modulation transfer
spectroscopy [16], where a background free error signal is
generated by an induced four-wave mixing process [17],
have been explored previously. For the near-ultraviolet
(near-UV) transitions of the lanthanides, which feature
very large natural linewidths, the technique of polariza-
tion spectroscopy offers a simplified, modulation-free al-
ternative that can achieve the necessary levels of laser
stability. In this work, we explore for the first time the
use of polarization spectroscopy of erbium for laser fre-
quency stabilization.
The outline of the paper is as follows: Section I surveys
the general properties of atomic erbium and gives a brief
introduction to polarization spectroscopy. In Section II
we discuss the experimental setup. We then discuss in
Section III the measured spectra, dependence on various
experimental parameters, and details of the data anal-
ysis. Section IV discusses the main theoretical aspects
of polarization spectroscopy. We present concluding re-
marks in Section V.
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FIG. 1. Hyperfine structure of fermionic 167Er, shown for the
3H6 ground state and the
1P1 excited state (both indicated by
dashed lines). The frequency detuning values from the 401-
nm transition line are calculated using hyperfine constants
Ae/h = −100 MHz and Be/h = −3079 MHz for the 1P1
excited state and Ag/h = −120 MHz and Bg/h = −4552 MHz
for the 3H6 ground state [16].
I. BACKGROUND
A. Properties of erbium
Erbium and other magnetic lanthanide atoms have
gained interest in recent years in the study of dipolar
quantum gases [2]. Due to their submerged-shell electron
configuration [18], lanthanides exhibit a large dipole mo-
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2ment (7µB for erbium, where µB is the Bohr magneton)
and support long-ranged dipolar interactions that can
dominate over short-ranged collisions. This has made
them promising for the study of long-ranged interact-
ing Hubbard models [19], dipolar spin systems [20], and
many other novel many-body systems.
Erbium has a melting temperature of ∼1800 K, much
greater than that of the alkali metal atom species (∼300−
350 K). Thus, while vapor pressures compatible with
laser spectroscopy may be achieved in alkali metal gas
cells at or slightly above room temperature, extremely
high temperatures (& 1250 K) would be necessary to
achieve similar vapor pressures for the spectroscopy of
atomic erbium. This has motivated the use of opto-
galvanic hollow cathode lamps (HCLs) for laser spec-
troscopy [15, 16] on high density, non-thermal samples
of erbium atoms produced by sputtering from an erbium
cathode. As detailed in Section II, we employ such an
HCL in our polarization spectroscopy experiments.
We explore the near-UV transitions in erbium, oc-
curring at a nominal transition wavelength (in vacuum)
of 400.91 nm. The near-UV transitions of erbium and
other lanthanide atoms feature large natural linewidths
of Γ/2pi ∼ 25 − 30 MHz, allowing for the application of
strong optical forces. The large linewidths also enable
rather straightforward frequency stabilization.
The erbium spectra are expected to show contribu-
tions primarily from four bosonic isotopes, with natural
abundances of 1.61% for 164Er, 33.6% for 166Er, 26.8%
for 168Er and 15.0% for 170Er, as well as from fermionic
167Er, with an abundance of 23.0% [16]. The bosonic
isotopes have nuclear quantum number I = 0, and thus
have no hyperfine structure in either the ground or ex-
cited electronic state. This lack of hyperfine structure
leads to extremely simple spectral features. On the other
hand, the fermionic isotope 167Er has a nuclear quantum
number I = 7/2 and therefore features a rich hyperfine
structure in the 3H6 electronic ground state with angu-
lar momentum quantum number J = 6 and the 1P1 state
excited by the 401-nm transition, having J = 7 as shown
in Fig. 1.
B. Doppler-free polarization rotation spectroscopy
Laser spectroscopy free from Doppler shifts experi-
enced by the fast-moving erbium atoms in our HCL
is enabled through a well-studied [21–25], modulation-
free variant of Doppler-free techniques based on overlap-
ping pump and probe beams. In the general Doppler-
free spectroscopy setup, the lower intensity probe beam
features a narrow response in its interaction with the
atomic medium at resonance, i.e. when the probe and
the higher intensity pump beam interact with the same
class of atoms near zero velocity (projected along the axis
of beam propagation) [26, 27].
In Doppler-free polarization spectroscopy [28], a
circularly-polarized pump beam causes an anisotrop-
tic population redistribution of the magnetic sublevels
(|F,mF 〉 states, or |J,mJ〉 states for the case where
I = 0) in the atomic medium through optical pump-
ing, which induces a rotational birefringence (unequal
refractive indices experienced by light with opposite cir-
cular polarizations) and circular dichroism (unequal ab-
sorption coefficients experienced by light with opposite
circular polarizations). A linearly-polarized probe beam
overlapping the pump beam can thus experience a rota-
tion of its polarization due to the different interactions of
the right- and left-circular components of the light with
the anisotropic atomic medium. This rotation, measured
in terms of a difference signal at a balanced photodetec-
tor, is then converted to an error signal that can be used
for frequency stabilization, as explained in more detail in
Section II.
While such a modulation-free scheme is much simpler
than alternative protocols [16], it does suffer from greater
noise and sensitivity to variations of temperature and
laser power. However, it should be more than adequate
for laser stabilization to the broad near-UV transitions
of the lanthanides [24].
II. EXPERIMENTAL SETUP
The atomic medium used for spectroscopy and laser
frequency stabilization is produced by an optogalvanic
HCL (Heraeus Model 3QQAYEr) filled with inert argon
gas at pressures in the range of 8-15 mbar and containing
an erbium cathode. The gas of erbium atoms is produced
by applying a large voltage between the anode and the
cathode which accelerates ionized filler gas atoms into
the erbium cathode, leading to the sputtering of erbium
atoms and ions, which decay and can be interrogated
by lasers passed through the “see-through” hole. For the
described measurements, we operate the cathode lamp at
HCL current values ranging between 5.5 mA and 10 mA.
We operate a grating-stabilized external cavity diode
laser (Toptica Photonics DL pro HP, with LD-0405-0250-
1 laser diode) at a nominal wavelength of 401 nm. As
shown in Fig. 2, the laser light is fiber-coupled (in a sin-
gle mode fiber) to the spectroscopy setup, to ensure a
Gaussian beam profile. In the spectroscopy setup, the
laser beam passes through a half-wave plate (HWP) and
a polarizing beam-splitter (PBS). The setting of this first
HWP allows us to control the relative powers of the pump
(reflected at the PBS) and probe (transmitted through
the PBS) beams. The horizontally-polarized probe beam
is aligned in a forward-going fashion through the central
opening of the HCL. The path of the pump beam fea-
tures a quarter-wave plate (QWP) that allows for the
initial vertical polarization of the reflected light to be ei-
ther kept linear or transformed into either right- or left-
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FIG. 2. Experimental setup. The laser beam is divided into
a high power pump beam (reflected at the polarizing beam-
splitter (PBS)) and a low power probe beam (transmitted at
the PBS). The half-wave plate (HWP) before the first PBS
controls the relative powers of the pump and probe beams.
The vertically-polarized pump beam encounters a quarter-
wave plate (QWP), whose setting controls the polarization of
the pump beam (can turn the initial vertical polarization of
the pump beam to circular polarization). The D-shaped mir-
ror combines the pump and probe beams in a nearly counter-
propagating fashion. The probe beam passes through the
HCL and is then split into its anti-diagonal (A) and diago-
nal (D) components at the second PBS which are measured
at the two ports (A and D) of the balanced photodetector.
The difference signal between the measurements at these two
ports contstitutes the polarization spectroscopy signal.
circular polarization (elliptical polarizations for interme-
diate settings). This pump beam is then overlapped with
the probe beam in the central region of the HCL. The use
of a D-shaped mirror combines these beams at a small
incidence angle, i.e. in a nearly counter-propagating fash-
ion, to enhance the size of the region of overlap.
After propagating through the HCL, the probe beam
passes through a HWP and a PBS, and the laser powers
in the transmitted and reflected paths are measured at
two ports (A and D) of a balanced photodetector. The
difference signal between the measurements at these two
ports constitutes the polarization spectroscopy signal.
The setting of the final HWP effectively allows the final
PBS to project the probe light onto its diagonal (D) and
anti-diagonal (A) linear polarization components. In the
absence of rotation of the incident horizontally-polarized
probe induced by erbium atoms in the HCL, the mea-
sured powers in the A and D paths will be equal, such
that their measured difference signal at the photodetector
will be zero. Non-zero difference signals relate to a com-
bination of dichroism and birefringence induced in the
erbium atomic medium, due to anisotropic population
redistribution by the pump beam. The polarization spec-
troscopy traces are recorded by capturing the response of
this setup as the piezo voltage (and thus laser frequency)
is scanned in a symmetric (triangle wave) fashion.
The quoted pump and probe laser powers, relating to
the powers in the region of overlap in the HCL, take
into account a large loss of ∼19% at the glass surface of
the HCL. Due to spatial aberrations in the outer por-
tions of the pump and probe beams, we present our mea-
surements in terms of the peak intensity, i.e. Ipeak =
2P0/piσxσy, of the central Gaussian portion of the beam.
Here, P0 is the power in the central Gaussian portion (de-
termined from a central fit and the total beam power), σx
is the 1/e2 half-width along the horizontal axis (418(1)
µm and 645(2) µm for the pump and probe beam, re-
spectively, determined by fitting), and σy is the 1/e
2 half-
width along the horizontal axis (476(1) µm and 653(2)
µm for the pump and probe beam, respectively).
III. RESULTS AND DISCUSSION
One of the main features of relevance to laser stabiliza-
tion is the slope of the signal as a function of frequency,
since a large slope allows for a sizeable response even for
small frequency deviations away from resonance. Fig-
ure 3(a) shows a typical polarization spectroscopy trace
measured from the output of the balanced photodetector.
For all measurements taken we set the piezo peak-to-peak
scan voltage at 2.1 V. The frequency axis is calibrated us-
ing data from Ref. [16], where the transition associated
with 166Er is taken to be the reference frequency so that
164Er, 168Er and 170Er transitions are offset at 849 MHz,
−840 MHz and −1681 MHz, respectively. Due to broad-
ening and the relatively close spacing of the fermionic and
bosonic transitions, the fermionic features are mostly ob-
scured. However, two small features relating to 167Er can
be distinguished, as explained further in Section IV.
In this section, we investigate the dependence of this
spectroscopy signal slope on parameters such as the HCL
current, the pump beam peak intensity, the probe beam
peak intensity, and the pump laser polarization. In these
later measurements, since the signal takes the form of
the derivative of a Lorentzian, we determine the slope of
the signal for the three dominant bosonic transitions by
fitting the peak height of the discrete derivative curves
as in Fig. 3(b) to the form of the second derivative of a
Lorentzian. For each distinct experimental arrangement,
six different data curves are recorded and their respective
fit-determined maximum polarization signal slope values
are calculated. These collections of measured values are
used to extract the mean value and standard error of the
signal slope for each set of experimental conditions.
4A. HCL current
We first examine how polarization spectra depend on
the operating current of the HCL, which controls the
number density of erbium atoms in the probing region.
The pump and probe beam peak intensities considered in
this case are 7.9(1) mW/mm2 and 0.535(5) mW/mm2,
respectively. At lower HCL current values, the magni-
tudes of the spectral features associated with the three
dominant bosonic isotopes (166Er, 168Er, and 170Er) are
roughly correlated, at least in ordering, with their re-
spective natural abundances. That is, in Fig. 3 the
slope of the feature associated with 166Er (33.6% in nat-
ural abundance) exceeds that of the less populous 168Er
(26.8%), which in turn exceeds that of the still less pop-
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FIG. 3. Measured polarization spectroscopy signal and peak
slope estimation. (a) Typical polarization spectroscopy sig-
nal. The transition associated with 166Er is taken to be the
reference frequency so that 164Er, 168Er and 170Er are off-
set at 849 MHz, −840 MHz and −1681 MHz [16], respec-
tively. Two small features relating to 167Er can be distin-
guished as well. (b) Second derivative of Lorentzian fits to
extract the signal peak slope associated with the bosonic
isotopes. For these measurements, the pump peak inten-
sity is set to 7.9(1) mW/mm2, the probe peak intensity is
0.535(5) mW/mm2, and the current applied to the HCL is
5.5 mA.
ulous 170Er (15.0%). When the HCL current is increased
as shown in Fig. 4(a), the magnitude of the dispersive
features are no longer correlated (in ordering) with their
natural abundances.
The correspondence between the signal slopes and the
isotopic abundances at low HCL currents is emphasized
by the dashed lines shown at the left of the plot in
Fig. 4(a), where the middle line is fixed by the slope
of the 168Er transition and the other two are scaled by
the relative isotopic abundances. As the HCL current
is tuned from 5.5 mA to 6.0 mA, the atomic density in
the probing region grows, leading to an increase in the
slopes. The slope for the 166Er transition begins to turn
over and then decrease for increasing HCL currents be-
yond 6.0 mA, the slope of the 168Er feature turns over
and decreases for HCL currents beyond 7.0 mA, and the
slope of the 170Er feature is only increasing over the range
of HCL currents explored. The feature relating to the
164Er transition, mostly indistinguishable for low HCL
currents, is observable and has an increasing slope for
increasing HCL currents above 7.0 mA.
This observed behavior is due to competing processes
that result from growing atomic density. The amount
of rotation of the probe beam’s linear polarization (in-
duced by the atomic medium) increases for an increasing
atomic density, as well as for any increase of the effec-
tive length of the interrogated region, which raises the
number of scatterers that interact with the probe beam.
This increase in the polarization rotation leads to larger
spectral features with larger signal slopes, as is observed
for increasing HCL currents when the currents are low.
Competing with this is the increase in absorption by the
atomic medium which corresponds to a decrease in the
probe beam signal transmitted. This leads to a decrease
in the size of dispersive signal obtained. Such a trend
can explain the behavior observed in Fig. 4(a,b), where
the signal slopes for the more abundant isotopes tend
to turn over and decrease at lower HCL currents, with
absorption dominating over induced rotation.
Figure 4(c) shows the transmitted probe signal, T (ω),
measured at theA port, for HCL currents 5.5 mA, 7.0 mA
and 9.5 mA. Since T (ω) at the A port is approximately
equal to T (ω) measured at the D port (up to diminu-
tive differences at transition frequencies corresponding
to the bosonic isotopes of erbium), it sufficiently charac-
terizes the Doppler broadened absorption profile of the
total transmitted probe beam. We observe increased ab-
sorption of the probe beam for higher HCL currents.
This is a direct consequence of increased atomic density
in the probing region. The asymmetry of the absorp-
tion dip reflects the fact that absorption is stronger for
the 166Er transition than for the 168Er and 170Er tran-
sitions. The increased absorption for higher HCL cur-
rents can be characterized in terms of optical density,
OD = −ln(Tmin/Tmax), where Tmin/Tmax is the ratio of
the lowest to the highest transmitted probe signal values
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FIG. 4. Dependence of polarization spectra on the atomic density, as controlled by the HCL current. (a) Peak slope as a
function of HCL current for the various bosonic isotopes 164Er, 166Er, 168Er, and 170Er. The horizontal lines at the far left
indicate expected peak slope (scaled to match the natural abundances) with the middle gray line matched to the 168Er peak
slope value for an HCL current of 5.5 mA. (b) Polarization spectra for the cases of low (5.5 mA, blue dashed line) and high
(9.5 mA, red solid line) applied HCL current. (c) Transmitted probe signal collected at the A port of the balanced detector.
(d) Optical density OD = −ln(Tmin/Tmax) as a function of HCL current. For all data shown, the pump and probe beam peak
intensities were held at 7.9(1) mW/mm2 and 0.535(5) mW/mm2, respectively, while the QWP was set so that the pump beam
had right-circular polarization. Error bars denote one standard error.
detected over the range of frequency values explored. As
shown in Fig. 4(d) the optical density increases roughly
linearly over the range of investigated HCL current val-
ues. For the stated conditions on the pump and probe
beam powers and sizes, it is advisable to operate at lower
HCL currents to both increase the signal slope and to ex-
tend the operational lifetime of the HCL, depending on
the spectral feature chosen to use for laser stabilization.
B. Pump laser polarization
The magnitude of the dispersive signal obtained from
the polarization spectroscopy setup is directly propor-
tional to the amount of rotation of the polarization of the
probe beam when it passes through the atomic medium.
This rotation, induced by anisotropic population distri-
bution in the atomic medium by the pump beam, is con-
trolled by the QWP setting. Tuning the polarization of
the pump beam from right-circular to left-circular polar-
ization should lead to a change in the sign of the slopes
of the dispersive signal from positive to negative, with
a vanishing slope for linear polarization. Figure 5(a)
shows three different spectra relating to right-circular
(red dashed line), left-circular (blue dotted line), and
linear (grey solid line) pump beam polarizations. Sim-
ilar experimental parameters as in Fig. 4(a) are used: a
pump peak intensity of 7.9(1) mW/mm2, a probe peak
intensity of 0.535(5) mW/mm2, and an applied HCL cur-
rent of 5.5 mA. It can readily be seen that as the polar-
ization switches from right-circular to left-circular, the
slopes of the dispersive features in the polarization spec-
tra switch sign. This is due to an inversion in the sign of
circular dichroism and rotational birefringence induced
in the atomic medium, as the change in pump beam po-
larization leads to a change in the induced anisotropy of
the internal state population distribution. For the case
of a linearly-polarized pump beam, only the smoothly-
varying background of the polarization spectroscopy sig-
nal (which is not completely background free, unlike for
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FIG. 5. Dependence of polarization spectra on the pump
laser polarization. (a) Polarization spectra for the cases of a
vertically-polarized pump beam, with QWP angle of ∼106
degrees (gray solid line), a right-circularly-polarized pump
beam, with a QWP angle of ∼238 degrees (red dashed line),
and a left-circularly-polarized pump beam, with a QWP an-
gle of ∼150 degrees (blue dotted line). (b) Peak slope as
a function of the QWP angle for the three main spectral
features relating to the bosonic isotopes 166Er, 168Er, and
170Er. All measurements in this figure were made for a pump
peak intensity of 7.9(1) mW/mm2, a probe peak intensity of
0.536(5) mW/mm2, and an applied HCL current of 5.5 mA.
Error bars denote one standard error.
the case of related modulation-based techniques [16]) is
observed, along with diminutive minima at transition fre-
quencies corresponding to the bosonic isotopes of erbium.
For the three strongest features related to the bosonic
isotopes 166Er, 168Er, and 170Er, we plot in Fig. 5(b) the
fit-determined signal slopes as a function of the pump
beam polarization (set by the QWP angle). For a QWP
angle of ∼106 degrees (which corresponds to the fast axis
being aligned with the incident vertical polarization), the
pump beam remains vertically-polarized, and a near zero
slope is found for the different features. A similarly van-
ishing slope is found for an angle of ∼195 degrees. Over-
all, the three different signal slopes are seen to vary in a
sinusoidal fashion, peaking in magnitude when the pump
beam is either right-circularly- (angle of ∼238 degrees)
or left-circularly- (angle of ∼150 degrees) polarized. This
behavior is in good agreement with the expected de-
pendence on the induced population anisotropy in the
pumped atomic medium.
C. Pump and probe peak intensity
We examine in this section the dependence of the sig-
nal slope of dispersive signals associated with the 166Er,
168Er, and 170Er isotopes on pump and the probe beam
intensities. An increase in the right-circularly-polarized
pump beam peak intensity leads to optical pumping of
the atoms to states with larger magnetic quantum num-
bers, thus causing a corresponding increase in the ro-
tational birefringence and circular dichroism associated
with the anisotropic distribution of population. This
leads to larger rotations of the polarization of the probe
beam and corresponds to an increased magnitude of the
dispersive signal for low values of the saturation parame-
ter s = Ipeak/Isat (ratio of the pump beam peak intensity
to the saturation intensity, where Isat ≈ 0.6 mW/mm2
for the 401-nm transition of erbium). When s > 1, there
should be diminished increase in population anisotropy
since the atoms have already been pumped to closed tran-
sitions. For increasing pump beam peak intensities, a
plateau should develop in the dependence of the signal
slope on s.
Figure 6(a) shows the measured dependence of the
slope of the dispersive signal on the pump beam peak
intensity expressed in terms of s. The probe beam
peak intensity was fixed at 0.328(1) mW/mm2 while the
peak intensity of the pump beam was varied between
1.02(2) mW/mm2 and 16.7(1) mW/mm2. The signal
slope increases rapidly for low peak intensity values of
the pump beam and then levels off for higher intensities.
Since we are operating at an HCL current of 7.5 mA, we
are in a regime where the signal slope associated with the
bosonic isotopes do not correlate with the natural abun-
dances, but are rather nearly equal. This is described in
more detail in Fig. 4(a).
Following Section IV-A we numerically simulate the
dependence of the dispersive signal on the peak satu-
ration parameter associated with the pump beam. As
shown in Fig. 6(b) we observe a rapid increase in sig-
nal slope that slows down for higher values of saturation
parameter. The theoretical curve is compared with a po-
larization spectroscopy signal measured for a probe peak
intensity of 0.535(5) mW/mm2. We find reasonably good
agreement with the data taken.
The theoretical curve accounts for the inhomogeneous
spatial distribution of the intensity of the pump beam in
the area of interrogation using
f ′(speak) =
∫∞
0
f(s(I(r))) I(r)dr∫∞
0
I(r)dr
, (1)
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FIG. 6. Dependence on pump and probe beam intensities. (a) Peak slope of the dispersive signal for 166Er, 168Er, and 170Er
with the probe beam fixed at 0.328(1) mW/mm2 while varying the peak intensity of the pump beam. (b) Fitted simulation of
the dependence of the peak slope on the peak intensity of the pump beam. The data is plotted for peak intensity of the pump
beam for 170Er with the probe beam fixed at 0.535(5) mW/mm2. The HCL current is set at 7.5 mA for these measurements.
(c) Peak slope of the dispersive signals for 166Er, 168Er, and 170Er, as a function of the probe beam peak intensity for a fixed
pump peak intensity of 6.44(1) mW/mm2. At this HCL value, the peak slopes are not correlated with the natural abundances
of the three bosonic isotopes, as explained in Section III-A. (d) Peak slope of the dispersive signals for 166Er, 168Er, and 170Er
with the pump beam peak intensity set at 8.04(1) mW/mm2 and varying the probe beam peak intensity. The magnitude of the
peak slope increases linearly with the peak intensity of probe beam used. These measurements were taken at an HCL current
value 7.5 mA. Error bars denote one standard error.
where f(s) = A(s, J, J ′)l′ is proportional to the slope
of the dispersive signal. The time averaged anisotropy,
A(s, J, J ′), discussed in more detail in Section IV, re-
lates to the simulated peak height of the dispersive sig-
nal for a transition (J, J ′) = (6, 7) for the bosonic iso-
topes. The effective length of the region of overlap be-
tween the pump and the probe beam is given by l′. The
saturation parameter, s, is defined as a function of a spa-
tially varying intensity characteristic of a Gaussian beam,
i.e. I(r) = IpeakExp(−2r2/σ2), with the 1/e2 half-width
given by σ.
To determine the dependence of the dispersive signal
on the probe peak intensity, we fixed the pump peak
intensity at 6.44(1) mW/mm2 and 8.04(1) mW/mm2 in
Fig. 6(c) and 6(d), respectively. The HCL current in this
case was 7.5 mA. As we increased the probe beam peak
intensity we observed an increase in the magnitude of the
dispersive features associated with the three most abun-
dant bosonic isotopes (166Er, 168Er, and 170Er). This is
due to the increased flux of photons in the region of in-
terrogation, which in turn leads to an increased photon
count at the balanced detector and an increase in the
magnitude of the dispersive signal. A roughly linear de-
pendence on the probe peak intensity is observed for all
the features.
IV. THEORETICAL MODEL
A. Polarization spectroscopy signal modeling
We describe a general approach used to simulate polar-
ization spectra by solving rate equations for all possible
transitions that can be induced by the right-circularly-
polarized pump beam resonant with the 3H6 →1 P1 tran-
sition in erbium. As shown in more detail in Ref. [21],
8the difference signal for a single transition is given by
Sdiff(ω) ∝ e−α¯l
(
∆α l′
x(ω)
1 + x(ω)
2
)
, (2)
where x(ω) = ω−ω0Γ/2 , Γ is the spontaneous decay rate of
the atom (Γ = 2pi × 29.7 MHz for the 401 nm line of
erbium [7, 29, 30]), l is the length of the active area of
interrogation (section of the HCL occupied by the sput-
tered erbium atoms), l′ is the effective length of interro-
gation where the pump and probe beam overlap, α¯ is the
average of the absorption coefficients corresponding to
right- and left-circular polarizations pump beams, and
∆α is the anisotropy, i.e. the difference between these
two absorption coefficients.
The pump beam induced anisotropy is given by
∆α(F, F ′, t) =
nσ0
F∑
mF=−F
R(F,mF )→(F ′,mF+1)(ρF,mF − ρ′F ′,mF+1)
−R(F,mF )→(F ′,mF−1)(ρF,mF − ρ′F ′,mF−1),
(3)
where n and σ0 are the atomic density and resonant
absorption cross-section, respectively [22, 25, 31]. The
initial and final hyperfine states are labeled by F and
F ′. Since I = 0 for the bosonic isotopes, we con-
sider J = 6 → J ′ = 7 transitions. In general, we
consider transitions that involve the 3H6 ground state
and the 1P1 excited state. The transition line strength,
R(F,mF )→(F ′,m′F ), is given by the square magnitude of
the dipole matrix element for the transition between two
levels [23, 32], i.e.
R(F,mF )→(F ′,m′F ) = |e 〈n′L′||r||nL〉 |2
× (2J ′ + 1)(2J + 1)(2F ′ + 1)(2F + 1)
×
[{
L′ J ′ S
J L 1
}{
J ′ F ′ I
F J 1
}(
F 1 F ′
mF ∆m −mF ′
)]2
,
(4)
where the quantity 〈final||r||initial〉 is the reduced matrix
element which can be simplified using the Wigner-Eckart
theorem [18], L and S are the electronic orbital and
spin angular momentum quantum numbers, respectively,
while I is the nuclear spin angular momentum. The hy-
perfine quantum number, F , ranges from F = |I − J |
to F = |I + J |, while the projection of F onto the z-
axis, mF , is the hyperfine sub-level. The factors {. . . }
and (. . . ) are the 6J symbol and 3J symbol, respectively,
and can be computed using symbolic software packages.
The fractional population of the mF sublevel is labeled
as ρF,mF .
The population dynamics are therefore described by
the rate equations generalized for multilevel atoms [22],
i.e.
dρF,mF
dt
= −
F ′=F+1∑
F ′=F−1
R(F,mF )→(F ′,mF+∆m)
Γ
2
s
× (ρF,mF − ρ
′
F ′,mF+∆m)
1 + 4(∆˜/Γ)2
−
mF ′=mF+1∑
mF ′=mF−1
F ′=F+1∑
F ′=F−1
R(F,mF )→(F ′,mF ′ )Γρ′F ′,mF ′ .
(5)
For the change in the hyperfine sub-level, ∆m = ±1 rep-
resents σ± transitions while ∆m = 0 represents pi tran-
sitions. The saturation parameter is given by s = I/Isat
where I is the beam intensity and Isat is the saturation
intensity. The detuning associated with the transition
F → F ′ is given by ∆˜ = ∆ + ∆F,F ′ where ∆F,F ′ is the
detuning from a chosen transition (the transition asso-
ciated with 166Er isotope in our case). The last term
corresponds to spontaneous emission out of the excited
state.
The difference signal measured in experiment is pro-
portional to a time averaged anisotropy. Following the
discussion in Ref. [22], we account for this in the model by
introducing a weighting function that characterizes the
atomic trajectories transverse to the direction of propa-
gation of the beam. These trajectories correspond to a
class of atoms with a vanishing velocity component along
the beam. The weighting function, given by
W (t) =
∫ 2a
0
f(z) g(z, t)dz, (6)
consists of a probability distribution f(z) for different
trajectory path lengths z ∈ (0, 2a) where a is the radius
of the beam. In our case we consider uniform probabil-
ities for all path lengths, i.e. f(z) = 1/2a. The second
component of the weighting function relates to the distri-
bution, g(z, t), of interrogation times for the trajectories
of path length z transverse to the beam. Even though
the distribution of sputtered erbium atoms in the HCL
is not necessarily thermal, the velocity profile of atoms
can be effectively captured by a Maxwell-Boltzmann dis-
tribution. The expression becomes
W (t) =
∫ 2a
0
1
2a
mz2
kBTt2
Exp
(
− mz
2
2kBTt2
)
dz. (7)
The mean velocity associated with g(z, t) can be esti-
mated from the average temperature of the sputtered
atoms produced at the HCL. By fitting three convo-
luted Gaussian distributions, centered at the transition
frequencies corresponding to the three dominant bosonic
isotopes, to the Doppler broadened signal obtained from
the A port of the balanced detector, we estimate the tem-
perature of the sputtered atoms to be ∼1000 − 1200 K.
This corresponds to velocity values ∼300− 350 m/s.
9The time averaged anisotropy is therefore given by [22]
A(F, F ′) =
∫ tfinal
0
1
tfinal
∆α(F, F ′, t)W (t)dt, (8)
where tfinal is the total interrogation time. Consider-
ing the characteristic velocity (∼3 × 105 mm/s) and the
size of the pump beam (∼1 mm), the dynamics have
essentially ceased in a few microseconds. By choosing
tfinal = 10 µs we take, effectively, the long time limit.
Since I = 0 for bosonic isotopes, we refer to the time-
averaged anisotropy at the bosonic resonances as A(J, J ′)
in Section III-C.
While A(F, F ′) only depends on the pump beam pa-
rameters, the attenuation of the probe signal, governed
by the Beer-Lambert law, is captured in the pre-factor
e−α¯l ∼ T (ω)/Tmax, (9)
where T (ω)/Tmax is the transmitted probe signal, nor-
malized to the incident probe signal obtained from the
A output of the photodetector. That is, we convolute
the numerically simulated lineshape with T (ω)/Tmax, the
observed (normalized) absorption profile. Using Eq. (3)
with ∆α → A(F, F ′), we can now model the expected
lineshapes. Crossover peaks between two features are
calculated by taking the mean A(F, F ′) of the associated
transitions [23]. The simulated polarization spectroscopy
lineshape is therefore given by
Sdiff(ω) ∝
∑
{F,F ′}
T (ω)
Tmax
(
A(F, F ′) l′ x(ω)
1 + x(ω)
2
)
. (10)
The simulation assumes near-resonant pump beam fre-
quency for each transition and adds up the dispersive
signals relating to all the transitions to construct the fi-
nal lineshape.
B. Lineshape fitting and analysis
Using the results from Section IV-A, we model the line-
shape produced by polarization spectroscopy for the case
of erbium. We consider a right-circularly-polarized pump
beam which induces transitions for which the hyperfine
sub-level changes by ∆mF = +1.
Figure 7(a) compares the experimental polarization
spectra to our theoretical model. The lineshape (cal-
culated using Eq. (10)) considers the experimental con-
ditions used in Fig. 3(a), i.e. a peak pump intensity of
7.9(1) mW/mm2 and 1/e2 beam radius of 0.447(1) mm
(average of the 1/e2 widths of the horizontal and vertical
axis of the beam). The experimental lineshape is taken
at an HCL current of 5.5 mA and probe peak intensity
of 0.535(5) mW/mm2. The experimental and theoretical
spectra show three dominant features, relating to transi-
tions associated with the bosonic isotopes 166Er, 168Er,
a
b
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FIG. 7. Lineshape modeling. (a) Theoretically calculated
fit using equations presented in Section IV-A overlaid on the
measured trace. The linewidth used in theory is extracted by
fitting the second derivative of a Lorentzian to the discrete
derivative of the experimental lineshape for the bosonic iso-
topes 166Er, 168Er, and 170Er and taking an average. (b) Dis-
persive signal corresponding to fermionic hyperfine transitions
obtained from rate calculations. The features corresponding
to F = 13/2 → F ′ = 15/2, F = 17/2 → F ′ = 19/2 and
F = 19/2→ F ′ = 21/2 have the largest magnitudes. Signals
corresponding to bosonic transitions have been left out for
clarity. The dashed gray line shows the predicted lineshape
that includes both the bosonic and fermionic features.
and 170Er. Some additional small features corresponding
to fermionic isotope 167Er and the bosonic isotope 164Er
can be seen as well.
The linewidth used in the theoretical model is obtained
by fitting the second derivative of a Lorentzian to the dis-
crete derivative of dispersive features that correspond to
the three most abundant bosonic isotopes. We extract
an effective linewidth of Γeff/2pi = 145(17) MHz. This is
substantially higher (by a factor of ∼5) than the natural
linewidth (Γ/2pi = 29.7(6) MHz [16]). We attribute the
broadening, in part, to power broadening, contributing a
factor of
√
1 + Ipeak/Isat = 3.77 for a pump peak inten-
sity of 7.9 mW/mm2. Collisional broadening and resid-
ual Doppler-broadening due to a slight misalignment of
the pump and probe beams can also contribute to the
observed linewidth.
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Due to such broadening and the relatively close spac-
ing of the fermionic and bosonic resonances (on the order
of the broadened linewidth) the fermionic features are
mostly obscured. However, two features relating to the
fermionic isotope 167Er can be clearly distinguished as
shown in Fig. 7(b). One feature, appearing at a detun-
ing of roughly 0.5 GHz below the 166Er resonance, relates
to transitions involving the states (F,mF , F
′,mF ′) =
(17/2, 17/2, 19/2, 19/2). Another feature involving the
states (F,mF , F
′,mF ′) = (19/2, 19/2, 21/2, 21/2) ap-
pears as a peak and shoulder at frequencies just above
(∼ 0.15 GHz) the 166Er resonance. The feature related to
the states (F,mF , F
′,mF ′) = (13/2, 13/2, 15/2, 15/2) is
much smaller than the nearby 168Er feature and is there-
fore completely obscured.
Up to an overall proportionality factor, we observe
fairly good agreement between the numerically simu-
lated lineshape and the measured lineshape despite the
fact that polarization spectroscopy includes a Doppler-
broadened background. While the fermionic transitions
are mostly blurred out, the three most abundant bosonic
isotope offer clear dispersive signals that are adequately
spaced (∼1 GHz apart). These can readily be used as
error signals for laser stabilization.
V. CONCLUSIONS
We have presented a comparison between theory and
experiment on the polarization spectroscopy of atomic
erbium. We present simulations of the polarization spec-
tra for the 401-nm transitions based on calculation of the
population anisotropy in the atomic medium induced by
a circularly-polarized pump laser beam, relating to an
induced dichroism and birefringence. We find good qual-
itative agreement between the predicted spectra and the
measured experimental lineshapes. The observed stabil-
ity, signal strengths, and linewidths suggest that the sim-
ple method of polarization spectroscopy is suitable for
laser stabilization on the near-UV transitions of the lan-
thanides. We analyze spectroscopic lineshapes for tran-
sitions relating to the various bosonic isotopes, and find
that the signal slope grows linearly with the probe beam
peak intensity. As a function of the pump beam peak in-
tensity, we measured an initial large growth in the signal
followed by saturation (as the induced level anisotropy
saturates). The determination of ideal spectroscopy pa-
rameters for laser stabilization allows us to stabilize our
diode laser for laser cooling and trapping atomic erbium
in future experiments.
Appendix A: Fermionic erbium hyperfine transitions
Table I shows 167Er hyperfine transitions organized
by detuning from 166Er. The detuning values are cal-
Transition Detuning Transition Detuning
F → F ′ (MHz) F → F ′ (MHz)
15/2→ 17/2 -764 13/2→ 11/2 -87
13/2→ 15/2 -760 7/2→ 9/2 -37
11/2→ 13/2 -584 15/2→ 15/2 106
17/2→ 19/2 -499 19/2→ 21/2 150
9/2→ 7/2 -420 5/2→ 7/2 213
11/2→ 11/2 -390 15/2→ 13/2 585
11/2→ 9/2 -384 17/2→ 17/2 888
9/2→ 11/2 -320 17/2→ 15/2 1758
9/2→ 9/2 -315 19/2→ 19/2 2190
13/2→ 13/2 -282 19/2→ 17/2 3576
7/2→ 7/2 -142
TABLE I. 167Er hyperfine transitions organized by detuning
from 166Er transition between the 3H6 ground state and the
1P1 excited state.
culated using hyperfine constants Ae/h = −100 MHz
and Be/h = −3079 MHz for the 1P1 excited state and
Ag/h = −120 MHz and Bg/h = −4552 MHz for the 3H6
ground state. The frequency separation between 167Er
and 166Er is taken to be -297 MHz. These values are
taken from Ref. [16].
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